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Abstract: In this note we shah prove that the Stone-Cech compactihcation of is the space 
C where C is the extended long line, namely, C together with its ends ±$7. We give a similar 
description for the Stone-Cech compactihcation of the cartesian power of the semi-closed half-long 
line >C+ . As an application we show that any torsion subgroup of the group of all homeomorphisms 
of (resp. is isomorphic to a subgroup of the symmetric group Sn (resp. the semidirect 
product (Z/2Z)" k Sn). 

1 Introduction 

The well-known classification theorem for one-dimensional manifolds is that there are exactly two 
non-metrizable manifolds of dimension 1 (besides the two metrizable ones M and namely the 
Alexandrof 's long line and the half-long line. The half-long line is described as the space Cj^ \ {0} 
where := [0, 1) x Sq, with lexicographic order topology and := {(0, 0)} is the smallest element. 
Here the S^, the set of all ordinals which are less than fi, is given the order topology, being the 
smallest uncountable ordinal. The long line is then the space C = £_ U £+ glued at {0} where C- 
stands for Cj^ with its order reversed. The topology of these spaces have been studied mainly for 
their pathological properties in contrast with the well-behaved metrizable manifolds. However, we 
shall see that the Stone-Cech compactifications of C]^ and have elegant descriptions. Our main 
application is to problem of the characterizing, up to isomorphism, the torsion subgroups of the 
group of all homeomorphisms of and . 

Recall that the Stone-Cech compactihcation of £+ equals its one-point compactification, which 
is the extended half-long line £+ := £+ U {1^}, and that of C is the extended long line C := 
£+ U {il, —$7}, which is also its Freudenthal's end-compactification. 

Theorem 1.1. The Stone-Cech compactifications of C\ and >C" are respectively £^ and £" for 
n > 1. 
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Although this is given as an exercise in [U p. 255-256] when n = 1,2, we could not find in the 
literature the result stated for a general n. 

We denote by Homeo(X) the group of all homeomorphisms of X. The symmetric group Sn acts 
on (Z/2Z)" by permuting the factors. We denote by Gn the semi-direct product (Z/2Z)"' k Sn- 
Note that Sn acts on and by permuting the coordinates. Also there is an obvious involution 
on C which yields an action of (Z/2Z)" on n > 1. This, together with the action of Sn, defines 
an action of G„ on C^. 

Our next result is: 

Theorem 1.2. There exist surjective homomorphisms <5: Homeo(/3") — >Sn and ^: 
Homeo(£"') — >G„ which split. Furthermore, ker(<I>) and ker(^') are torsion-free. 

An immediate corollary is the following: 

Theorem 1.3. LetT be a subgroup o/Homeo(/^") (resp. Homeo(jC") in which every element is of 
finite order. Then T is isomorphic to a subgroup of Gn (resp. Sn)- n 

Our proofs involve mostly elementary concepts from set-topology and make repeated use of the 
property that C+ and C are sequentially compact. We shall also make repeated use of [6l Theorem 
1, §5.5] in §3. 

For values of n < 3 (resp. n < 2), order of torsion elements of Homeo(£") (resp. >C")) have 
been determined by Deo and Gauld [3]. After this paper was completed, Satya Deo pointed out to 
us the preprint [2] in which the orders of torsion elements of Homeo(£!j: ) and Homeo(>C"), n > 1, 
have been determined, but not the structure of torsion subgroups. 

2 Proof of Theorem 11.11 

We use the following notations throughout. As usual I denotes the interval [0, 1] C M. If M is a 
manifold with boundary (which could be empty), dM will denote the boundary of M. If x G £, 
then —X € C denotes the image of x under the order reversing involution C — >C which switches C+ 
and fixing 0. We denote by 5C_^ the space C_^_ \ Let x = (xi, • • • ,x„) G C^- ^l{x) denotes 
the set {j\xj = Q} C {1, 2, • • • , n} and 0„ denotes the point (17, • • • , il) G C^- For any set-map 
h : X — >/, and any subset J C M, h~^{J) will have the obvious meaning, namely, h~^{I n J). 

Let X G 5d]^. There is an obvious embedding '^x'- C+ — defined as 1 1— > x{t) where Xi{t) = t 
if i G Vl{x) and Xi{t) = Xi ii i ^ Q.{x)- Let / : — >I be any continuous function. Since 
/ o : Cj^ — >I is eventually constant, it can be extended continuously to £+; its value at O 
will be denoted lim^^n /(7a;(i))- Define /:£+ — >/ to be the set-map which extends / where 
f{x) := limj^n /(7a;(i)) fo'^ ^ ^ 5C^. In the case of the proof of Theorem 11.11 involves 
showing that / is continuous. The proof will be preceded by a couple of observations. 

Lemma 2.1. Let n > 1 and let h : £" — >I be any continuous map. Then h is constant in a neigh- 
bourhood of = . . . Also any continuous map g : C — >/ is constant in a neighbourhood 

of {-n,nr. 
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Proof. Let h{Qn) = ^o- Choose Xk < ^ such that the basic open set Uk - 
in /i~^((to — 2~'^,to + 2~^)), A; > 1. Let Aq be the least upper bound of {A 

-k 



then — tol ^ 2 for every A: > 1. Thus 
entirely similar and hence omitted. 



(Aa:,0]" is contained 
I /c > 1}. Ifpe C/ao, 

Proof of the assertion concerning g is 

□ 



Lemma 2.2. Xei n > 1 and Zei / : L\ — >1 he any continuous map. Then f defined above is 

— n 

continuous at G C,. 



Proof. Let to = fi^n) = liiiiA^n f{^, . . . , A). First we shall show that given any e > 0, there exists 
a /i < such that (^u, $7)" C /~^((to — to + e)). Indeed we shall assume that there is no such 
and arrive at a contradiction. 

Choose Ao < such that /(A, . . . , A) = to for Aq < A < 0. Assume that there exists an e > such 
that /~^((to — e, to+e)) does contain (A, O)"- for any X < Q. Choose api = . . . ,pi,n) S (Aq, ^^)" 
such that — tol > e. Set Ai := maxjpij | 1 < j < n} and choose = {P2,i, ■ ■ ■ ,P2,n) such that 

-^1 < P2,j < ^ Vj and \ f{p2) — to\ ^ £• Continuing thus, we obtain a sequence Ao < Ai < • • • < and 
a sequence of points pi,P2, ■ ■ ■ in £" such that A^ = max{pkj | 1 < j < n}, A^ < Pfc+ij, 1 < i < ra, 
and \f{pj) — tol > e for all j > 1. It is evident that the sequence (pk) has limit p = (u, . . . ,1^) £ £" 
where u = lim Afc. Hence by continuity of / at p, we obtain to| > e. But this is a contradiction 

since, by our choice of Ao, we have f{v) = to as u > Xq. Hence /~^((to — e,to + e)) must contain 
(;U, rj)*^ for some fi < 0, as claimed. Now choose such a fi. 

We claim that C /"H(*o - £,^0 + e))- To see this observe that if a; € (/i, 17]" with 

0(2;) / 0, then 7^(t) G (/i, f^)" for all_t > fx. Therefore |to - f{jx{t))\ < e for t > /i. Since 
/ o is eventually constant, we have f{x) = limt^c f{lx{t)) = /(7x'(A)) for some X > fi and so 
\f{x) — tol < e. This completes the proof. □ 

Proof of Theorem We prove the theorem by induction on n. As remarked already, it is a 
well-known property when n = 1. We shall only consider the case of £" . The proof in the case of 
C"' involves only obvious and routine changes. 

Now suppose that n > 2 and that the theorem holds for all positive integers up to n — 1. Let 
p = (pi,---,Pn) G (5£_|_. Then i^{p) = {j \ pj = 17} 7^ 0. Continuity at p = 0„ having been 
established in Lemma 12.21 we assume that 1 < k := n — < n. 
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Figure 1: J x C", ^ . 
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For convenience we shall suppose that Q{p) = {j \ k + l<j<n}. Set a := {pi, . . . ,pk) € £^i.. 
Choose a 'small' basic open set J C containing a, i.e., J is a product of bounded open intervals 
in Let ^ be a countable dense subset of J such that a £ A. For any b £ J, let ft, denote 
the restriction of / to the slice Yb := {b} x C^~^. By inductive hypothesis fb ■ {b} x £" — >I is 
continuous. Now by Lemma l2.ll fh is constant in a neighbourhood of {b,0,n-k)- For each b (z A, 
choose an element Xb < such that fb is constant on {b} x Ux,^ where Ux = {q (z \ Qi > X Vi}. 

Since the {A5 | b € A} is a bounded countable set, it has a least upper bound fi < 0,. Now / 
restricted to vl x C/^ factors through the projection A x — >A. That is, f{b,x) = f{b,ij,) for all 
b £ A and x G [/^, f^]- Since A x is dense in J x [7^, this last equality holds for all 6 G J and 
X > fJ-hy continuity of /. It follows that / is continuous at p. □ 

We remark that by our proof of Theorem II . 1 1 and Lemma |2. 11 any continuous map £" — is 
constant in a basic open set (/i, f])" for some fi. In fact, as a corollary of the proof of Theorem 
II. H we obtain the following proposition. Let p = (q, •••,«) G be any point on the diagonal. 
Then there is a retraction : £^ — ^I^ where = [0, a]" = I". Specifically, let be the 
product of retractions — >Ia which sends any (3 > a to a. Similarly, one has the retraction 
C — >Ja '■= [—a, a] = I defined by /3 1— > q and — /3 1— > —a if /? > a. This defines a retraction 



Proposition 2.3. Any continuous map f : C 
a < Q. Similarly, any continuous map g: C 
a <n. 



-^I factors through the retraction r^ for some 
Ja factors through the retraction pa for some 



Proof. We shall prove the statement for /, the case of g being analogous. 

Let p G 5C!]_ = £^ \ . li p = let p G £+ be such that O]*^ is constant. 

Now let p 7^ i7„ so that < ^VL{p) < n. In the course of our proof of Theorem 11.11 it was 
observed that there is a basic open set U{p) := Y\Ui{p) containing p where Ui{p) is a bounded 
interval in if i ^ ^(p) and Ui{p) = {p{p),Q] if i G ^{p) such that f\U{p) factors through the 
projection U (p) — >Ujmp) ^i^^^ W-jen{p){l^iP)}- 

The collection {U{p)},p G 5/2" , is an open covering of the compact space (5£" . Therefore there 
exists finitely many points pi, - ■ ■ ,Pk such that {U{jpj)} covers 5C . Now let p = max{/x(pj) | 1 < 
j < k}- It is straightforward to verify that / factors through r^. □ 

Remark 2.4. The same arguments as in the proof of Theorem 11.11 also shows that the Stone- 
Cech compactification of C\ x / is x I and that of x I is £ x /. It follows readily 
that if f,g ■ C\ — >C\ are continuous, then / is homotopic to g if and only if their extensions 
/,5f : — are. An analogous statement holds for self-maps of 



3 Homeomorphisms of and 

Observe that ^C^,Z",n > 1, are not path connected. The path components of are labelled by 
the set Vn := {0, Q}". More precisely, the elements of Vn are in distinct path components and every 
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path component of £^ contains a point of Vn- We shall denote the path component containing 
p £ Vn hy Xp. Note that = IT where Uj = £+ if j ^ ^{p) and Uj = {Q} otherwise. In 
particular, dimXp = n — ^Q{p). 

We obtain a directed graph TCn (or just TC) whose vertex set is = {Xp \ p G Vn} and edge 
set = {e{p,q) \ Xp C Xq,dimXp = dimX^ — 1}. The edge e{p,q) is oriented so that it issues 
from Xp to Xq. One has a partition of = Uo<fe<nV^(^) where Vn{k) = {p € Vn \ #^{p) = k}. 
The number of edges issuing from (resp. terminating at) Xp equals ^Q{p) (resp. dimXp). We 
let Hn denote the group of all automorphisms of the directed graph Tin- Every element of Hn 
fixes = {fin}- It is not hard to see that Hn is isomorphic, via restriction, to the group of 
permutations of {Xp \ p E Vn{n - 1)} C Ti^- Thus Hn = Sn- 

Let h : IC^ — be a homeomorphism and let /i* denote the induced map on the set of 
path-components of C^. 

Proposition 3.1. Any homeom,orphism h:'C^ — > C'l_ induces an isomorphism of the directed 
graph Hn- The map h i— > /i* is a surjective homomorphism of groups $ ■.Homeo{C_^) — >Hn which 
splits. 

Proof. Any homeomorphism of £^ induces an isomorphism of the set of path components. Fur- 
thermore this defines a homomorphism from the group Homeo(£_|_) to the group of permutations 
of the set of path-components of Z^. So h GHomeo(£^) induces a bijection of the vertex set the 
graph Tin- Also h{Xp) C h{Xq) if Xp C Xq. It follows that it preserves the oriented edges of Hn- 
Hence h induces an isomorphism of Hn- 

Clearly every homeomorphism of fixes Qn- Hence h maps V^(n — 1) onto Vn{n — 1). Any 
permutation cj of V^(n — 1) is evidently realizable by the homeomorphism h of given by the 
same permutation of the coordinates. Therefore <I> is surjective. This also shows that ^ splits. □ 

Now consider the space Since the path components of C are and C, has 

path components. They are labelled by {—0,0,0}"'. The element q G {—0,0,0}" labels the 
path component Xq = Y\Uj where Uj = {qj} if qj ^ and Uj = £ if qj = 0. Observe that 
dimXq = #{j I dimqj = 0}. 

Let Wn = {—0,0}". Each element of Wn forms a path component of Observe that any 
self-homeomorphism h C preserves Wn as the other path components are of positive dimension. 

Consider the (simple) graph Qn whose vertices are Xp, p G Wn- The edges of the graph are Cp^q 
if p and q differ exactly in one coordinate (where they differ by sign) . The group of automorphisms 
of Qn is isomorphic to the semi-direct product (Z/2Z)" K Sn ■= Gn where the actions of (Z/2Z)" 
and Sn are obtained from their obvious respective actions on Wn- 

Proposition 3.2. Any homeomorphism h of induces an isomorphism h^, of the graph Qn- Fur- 
thermore, h 1-^ h^ defines a surjective homomorphism of groups ^' ■.Homeo{C ) — >Gn which splits. 

Proof. As observed above, h{Wn) = Wn and so h induces a bijection of the vertices of Qn- Suppose 
that ep^q is an edge of Qn, say, = O = —qi,Pj = qj for j ^ i. Consider Xp^q = {x E C \ Xi E 
C,Xj = pj,j ^ i} = £,. Then h{Xp^q) has to be a path component of dimension 1 which contains 
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h{p), h{q) G Wn in its closure. It follows that h{p), h{q) are end points of an edge of Qn- Therefore 
/i* is an isomorphism of Qn- 

It is evident that the homeomorphisms of which flips the signs of certain coordinates forms a 
subgroup of IIomeo(£") isomorphic to (Z/2Z)". These, together with the homeomorphisms which 
permute the coordinates form a group isomorphic to (Z/2Z)"' k S'n- It is evident that ^' maps this 
subgroup isomorphically onto G„. Therefore ^' is split. □ 

Lemma 3.3. Let M he a connected manifold with non-empty boundary dM . Suppose that 
f:M — >M is a homeomorphism which restricts to the identity on dM. Then either f is the 
identity or is of infinite order. 

Proof. Consider the double M = Mq Uqm Mi of M, obtained by gluing two copies Mq, Mi of M 
along the common boundary. Since f\dM is identity, it extends to a homeomorphism /o : M — >M 
where /o is just / on Mq and is identity on Mi. Since /o is identity on a non-empty open set of M, 
it follows that that /o is of infinite order (cf. [6", Theorem 1, §5.5]). Hence / has to be of infinite 
order. □ 

We are now ready to prove Theorem II. 2[ 

Proof of Theorem In view of Theorem 11.11 any homeomorphism of C]_ lifts to a unique 

homeomorphism of and similarly any homeomorphism of £" lifts to a unique homeomor- 
phism of C . Indeed one has, in fact, isomorphisms of groups IIomeo(£") =IIomeo(i2_,_) and 
Homeo(/:") ^Homeo(Z"). 

By Proposition 13.11 one has a surjective homomorphisms of groups Homeo(>C") — >Hn = Sn, 
which splits, defined as /i i— > /i^,, where Hn is the group of automorphisms of the directed graph 
Tin- Similarly IIomeo(>C ) — >G„ defined by 5 i-^ (7* is a surjective homomorphism of groups by 
Proposition ill As observed aheady, Hn = Sn and Gn = (Z/2Z)" k Sn- 

To complete the proof, we need only to show that ker(<^) and ker(^') are torsion- free. When 
n = 1 the statement is trivial to verify. Assume that n > 1 and that the theorem is valid for all 
dimensions up to n — 1. 

Let / be any element of Homeo(i2^) of finite order such that /* G Hn is trivial. Observe that 
Xq = . We shall show that f\dXQ is the identity homeomorphism. It would then follow, in view 
of Lemma [331 that f\XQ is identity and so / itself is identity as Xq is dense in C^. 




Figure 2: BXq. 
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Note that / maps each path component of to itself and fp := f\Xp is a finite order home- 
omorphism of Xp for each p £ Vn- Let k = ^Q.{p). If A; > 0, then Xp = C]^^ and furthermore 
fp induces the identity map of the directed graph Tin-k associated to Xp. Hence, by induction 
hypothesis, fp is the identity map of Xp. Now let /c = 0. In this case p = and BXq is not 
homeomorphic to £" and so we cannot apply inductive hypothesis directly to conclude that f\dXQ 
is the identity map. However, note that the points p € Vn{n — 1) in the closure SXq of BXq 
have basic neighbourhoods in dX^ whose closures are homeomorphic to £^ . Consider, say, the 
point p = (fi, • • • , 17, 0) S OXq. By what has been shown already, we have f{p) = p. Since / 
has finite order, there exists a neighbouhood Uq C BXq of p which is invariant under /. Choose 
a Ao < such that the basic open set := (Ao,f7]"~^ x {0} is contained in Uq. The open set 
no<j<r/^(-Bo) =: Ui is invariant under / where r is the order of /. Repeating this argument, 
we get a sequence Aq < Ai < • • • < J7 in C+ and open sets Uq D Bq D Ui D Bi D ■ ■ ■ in OXq 
where Bi = (Aj,0]"^^ x {0} and Ui are invariant under /. Let fi < Q, he the limit of (Aj). Then 
C := r\k>oUk = r\k>oBk = X {0} is invariant under / and C = £" ^. Note that (/|C)* 

is the identity automorphism of the directed graph Tln-i associated to C since f{x) = x for all 
X G XqdC for all q £ Vn{k) , k > 1. Since /|C is of finite order, by induction hypothesis we conclude 
that f\C is trivial. Now by [H Theorem 1, §5.5] we conclude that / is the identity map. 

Proof in the case of is similar and we merely give an outline. Let g he a finite order home- 
omorphism of C which induces the identity automorphism of Gn- Let X be any path component 
of C which is of dimension less than n. If X is zero-dimensional, then it is point-wise fixed by g 
as g^ is the identity. Otherwise. X = , 1 < k < n, the map g\X is of finite order and induces the 
identity map of the graph associated to X. Hence, by induction hypothesis, g\X is identity. Thus 
g\{SC ) is the identity. Now consider r2„ € C . Proceeding as in the construction of C above, we 
obtain a n < 0, such that g{D) = D where D := [/U,i7]" C Note that D = C^. Now g\D is 
a finite order element and it induces identity map of the directed graph Tin- Hence, by what has 
been shown already, g\D is identity. Now by |6l Theorem 1, §5.5], g\C^ is identity. □ 

Remark 3.4. (i) Let h : >C" — >>C" be a homeomorphism. The induced automorphism /i* of the di- 
rected graph Hn determines and is determined by the isomorphism HqIJi) : Hq[C^; Z) — >Hq{C^;7j) 
induced by h in 0-th singular homology. Since Hq{C_^_) is the free abelian group on the set of ver- 
tices of Tin, we see that the elements of S„ CHomeo(£_,_) are in distinct homotopy classes. In 
view of Remark 12.41 we see that distinct elements of Sn CHomeo(>C" ) =Homeo(£_,_) are in distinct 
homotopy classes. The last statement also holds for the group Gn CHomeo(£") and can be seen by 
a similar argument. See also \V, p. 44] and [2]. It follows that the homomorphisms $ and ^ factor 
through the mapping class groups of and respectively. It is shown in [2j that mapping class 
groups of and are isomorphic to i/„ and G„ respectively. Thus ker($) and ker(^') consist 
precisely of homeomorphisms which isotopic to respective identity maps. 

(ii) It is an interesting problem to classify conjugacy classes of finite subgroups of Homeo(>C") 
and of Homeo(£^). 
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